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Abstract—Convection is highly geostrophic in the liquid cores of planets. A threedimensional Boussinesq
model in a plane rotating layer is considered in this study, and an analysis is given of the mechanism of the
nonlinear interaction of Fourier waves that results in energy transfer through the spectrum. The structure of
the wave triangle is demonstrated to be strongly different on scales smaller (or larger) than those of the leading
mode of cyclonic turbulence. The differences in the structure of the triads of the thermal turbulence from that
in the Kolmogorov model of homogeneous and isotropic turbulence are shown. The regimes with rotation
considered in the study are typical of the modern models of convection and dynamo in the cores of planets,
including the Earth.
DOI: 10.1134/S0038094610030056

INTRODUCTION
A large number of studies on magneticfield gener
ation in the cores of planets and their satellites have
appeared since the mid1990s (see references in
(Jones, 2000)). In the pioneering works, only the prin
cipal possibility of magneticfield generation was
examined using simple Boussinesq models of thermal
convection in a sphere (Glatzmaier and Roberts,
1995). Later, the studies focused on the properties of
the generated magnetic field in their dependence on
the parameters of diffusion coefficients, the amplitude
of heat sources, material differentiation, the types of
boundary conditions, the solid core effects, and many
other parameters (Christensen et al., 1999). A variety
of numerical threedimensional dynamo models in a
sphere has been developed so far. They can reproduce
both axisymmetric magnetic fields, such as geomag
netic ones, and fields generated by magnetic dipoles,
tending to the equatorial plane for giant planets (Stan
ley and Bloxham, 2004). However, the validity of the
coefficients of turbulent transfer used in all of the
dynamo and convection models (without any excep
tion) is still an open question. For the Earth’s core,
simple estimates based on the westerndrift amplitude
give the Reynolds number Re ∼ 10 9, thus immediately
showing that the problem cannot be solved using state
oftheart supercomputers. The situation is generally
the same for the other planets in which the dynamo
process is possible. The magnetic Reynolds number
Rm is estimated at 102 to 103, which is already suitable
for the present computer facilities. Thus, on one hand,
the basic problem of the modern models of planetary
dynamo is a correct description of hydrodynamics. On
the other hand, we cannot apply such wellknown tur

bulence models as those of Prandtl, Smagorinsky, and
k − ε , because the anisotropy related to the fast diurnal
rotation in planetary cores can reach several orders of
magnitude. At the same time, from the standpoint of
an observer on the planetary surface, the magnetic
field structure and the integral spectrum may only
weakly depend on the abovementioned parameters
and the applied turbulence model. In this sense, the
problem of planetary dynamo is illposed. It seems
reasonable to preliminarily investigate the statistical
properties of turbulence both in physical and wave
spaces in order to correctly determine the turbulence
coefficients in largescale equations. Although large
volumes of information about the inner structure of
planets and satellites have been recently accumulated
(Zharkov, 2003), the solution to this problem is com
plicated even for simple Boussinesqtype models. The
estimates given below show that the flux analysis in the
wave space turns out to be more important in cases
when the systems cannot be differentiated by other
parameters. The examination of fluxes in the wave
space (in other words, the redistribution of some vari
ables between scales) is closely related to the structure
of the wave triangle during a nonlinear interaction and
the role of rotation in this process. This is also exam
ined below.
CONVECTION EQUATIONS
Let us consider the thermal convection of an
incompressible liquid ∇ ⋅ V = 0 in a rectangular box,
rotating with an angular velocity Ω about the vertical
axis z . Let us assume that the velocity V , the time t ,
and the pressure P are, respectively, measured in units
of κ/ L , L2/ κ and ρκ 2/ L2, where L is the unit of length,
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κ is the thermal diffusivity, and ρ is the material den
sity. Then, the dynamo equations in the Cartesian sys
tem of coordinates ( x, y , z ) can be written in the fol
lowing form:
E Pr −1 ⎡∂V − V × (∇ × V )⎤
⎣⎢ ∂t
⎦⎥
(1)
= − ∇ P − 1z × V + Ra T 1z + E Δ V
∂T + V ⋅ ∇ T + T = ΔT.
(
)(
0)
∂t
The dimensionless Prandtl, Ekman, and modified
Rayleigh and Roberts numbers are introduced as fol
α g δTL
lows: Pr = ν , E = ν 2 and Ra = 0
, where ν is
κ
2Ωκ
2ΩL
the kinematic viscosity coefficient, α is the coefficient
of volume expansion, g 0 is the gravitational accelera
tion, δ T is the unit of temperature T perturbation with
respect to the “diffusive” temperature distribution
T0 = 1 − z , η is the magnetic diffusivity. We define the
Rossby number as Ro = EPr–1. Problem (1) was solved
in a rectangular box with boundary conditions peri
odic in x and y. At the boundaries z = 0, 1 we assume
zero perturbations of the temperature T . Keeping in
mind the chosen T0, profile, this is equivalent to speci
fying the following boundary temperatures:
T = T + T0 = 1, 0 (heating from below). For the veloc
ity field, we assume the nopenetration condition and
zero gradients of the tangential components of the
∂V
∂V
field at z = 0, 1: V z = x = y = 0. This formulation
∂z
∂z
of the boundary conditions guarantees that the tan
gential components of the viscous stress tensor and the
hydrodynamic helicity are zero. A pseudospectral
code (see (Orzag, 1971; Meneguzzi and Pouquet,
1989; Cattaneo et al., 2003) for more details) adapted
to parallel computing using MPI (Reshetnyak, 2007)
was applied to solve (1). The N3 computational grid
was used with N = 64.

FLUXES IN WAVE SPACE
In different fields of physics, energy transfer pro
cesses are often examined in the spectral space. Quite
reasonably, hydrodynamics is one of such fields
(Lesieur, 1997). The possibility of energy transfer from
large to small scales is the basis of the Kolmogorov
theory, in which it is postulated that there is a selfsim
ilarity area in the wave space (the socalled inertial
interval) where the energy flux from one wavenumber
to another is constant and dissipation as well as the
work of external forces are zero (for more details of the
history of the problem, see (Frisch, 1995)). According
to the model, in the case of homogeneous and isotro
pic turbulence, the energy is transferred from larger to

smaller scale vortices. For more complex systems, for
example, for thermal turbulence or for magneticfield
related problems, the concept of inertial interval
becomes, in the strict sense, incorrect, because the
work of the forces is nonzero at almost all scales.
Moreover, the energy transfer can reverse, and a so
called inverse energy cascade from small to large scales
can arise (Kraichnan and Montgomery, 1980) as it
happens both in the case of twodimensional turbu
lence, close by its properties to rotating turbulence,
and in the case of magnetic turbulence (see the theory
of the α effect in the book by Krause and Rädler, 1980).
It turns out that in many cases, even if forced convec
tion is considered, a simplified representation of
energy transfer as a serial transfer from scale to scale is
only a rough approximation on some scale. An exam
ination of the Fouriermode interaction demonstrates
the very complicated structure of the wave triangle and
the dependence of the result on the spectrum extent
(Alexakis et al., 2007). Even if we suppose a local char
acter of the energy transfer over the spectrum and sug
gest that the energy is passed from a mode with a wave
number Q = | q | to a mode with a wavenumber K = | k |,
and P ∼ K, the amplitude of the third harmonic of the
triad P (p + q + k = 0) may be strongly different from
P and Q . If P ∼ Q ∼ K, it is usually said that the triad
interaction is local. If P  Q (or P  Q ), the local
energy transfer is due to nonlocal interactions. Com
putations show that the models reproducing the spec
trum with a slope of about –5/3, which is close to the
value predicted by Kolmogorov, generally also demon
strate a strong interaction with the scale of the driving
force. According to the classification suggested above,
this corresponds to a nonlocal interaction and is
equivalent to the deformation of small eddies by large
ones.
The introduction of rotation results in a consider
able reorganization of the flows both in physical and
wave spaces. Although the Coriolis force does not do
work by itself, the amplitude of largescale flows can
grow as conditions appear favorable for the inverse
energy cascade, which was shown by direct computa
tions (Hossain, 1994) and predicted by the theory
(McComb, 1992). As a consequence, the slope of the
kinetic energy spectrum also increases from –5/3 to –2
(Zhou, 1995; Constantin, 2002). The blocking of the
energy transfer through the spectrum is responsible for
this change (Zhou, 1995).
If thermal convection is also considered in the
problem, the equation for temperature and buoyancy
is added. In this case, conditions favorable for cyclonic
convection with intense vertical velocities arise. In
geodynamo studies, the problem has been properly
examined in physical space. Fast rotation results in an
equilibrium between the Coriolis force and the pres
sure gradient (the geostrophic balance) (Pedlosky,
1987; Boubnov and Golitsyn, 1995): 1z × V ∼ ∇p ,
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from which it follows that the field gradients along the
1
rotation axis z are small: ∂V ∼ 0. Cyclones (anticy
∂z
clones) arise, elongated along the axis of rotation. If
we take the Earth’s liquid core and reduce the ampli
tude of the heat sources down to the level correspond
ing to the convection onset, the diameter d c ∼ E 1/3 of
such a cyclone will be five orders of magnitude smaller
than its height. In fact, convection in the Earth’s core
is turbulent, and thus there exist a packet of such
cyclones in the wave space. However, the estimates by
the order of magnitude show that the geostrophic bal
ance is satisfied at least for the first three to four orders
in k . This is considerably above the spectral extent of
the geomagnetic field and should be taken into
account while constructing dynamo models.
The appearance of the Coriolis force is also impor
tant for the dynamics of energy transfer in the wave
space. While earlier the nonlinear term, which was of
the same order as the pressure gradient, easily trans
ferred energy over the spectrum (for example, owing to
the vortex component of the nonlinear term), the fol
lowing situation became possible when the Coriolis
force appeared: the pressure balances the potential
component of the Coriolis force. The vortex compo
nent of the Coriolis force blocks the energy transfer by
the nonlinear term. As a consequence, the spectrum
becomes steeper. This is the case, at small scales
l  d c. At large scales, l  dc , the system can be in sta
tistical equilibrium, when dissipation is nearly zero
and the energy transfer between scales is negligible.
For more details of the concept of fluxes in the
wave space, see (Frisch, 1995), (Reshetnyak, 2008),
and the references therein. The exchange interactions
in the Fourier space can be conveniently described by
partitioning the wave space into shells so that
ki < k < ki +1, ki +1/ ki = γ, is usually equal to 2. Further,
we will consider the energy transfer between such
shells (cascade processes). Let us decompose a field f
into a sum of low and highfrequency counterparts:
f ( r ) = f <( r ) + f >( r ), where

f <(r) =

∑ f e
k

,

ikr

f >(r) =

|k|≤K

∑ f e
k

,

ikr

(2)

|k|>K

respectively. For periodic fields f and g , we have (see
(Frisch, 1995) for details):

∂f
= 0,
∂x
where

g

∂f
∂g
− f
,
∂x
∂x

f > g < = 0,

∫

f ( r ) = ᐂ −1 f ( r ) d r 3

(3)

(4)

ᐂ

1 Note that here we mean the balance of the potential component

of the Coriolis force.
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stands for the averaging of the field f over the volume
<
ᐂ . Multiplying the Navier–Stokes equation by V , leads
to the equation for the mean volume of the change in the
kinetic energy in a sphere with the radius K :

⎡∂ Vi <Vi <
⎤
+ Π ( K)⎥
2 E Pr ⎢
⎢⎣ ∂t
⎥⎦
= Ra T <V z< − E (∇ω<)2 ,
−1

−1

(5)

where the integral flux of kinetic energy from the
region k > K to the region k ≤ K is given in the form

Π ( K ) = V i < ⋅ ( V j ⋅ ∇ j) V i ,

(6)

and the summation is implied over the repeated indi
ces i = 1, …, 3. It is convenient to introduce a local flux
of kinetic energy TK :
TK( k ) = − ∂Π ( k ),
∂k

∞

∫ T (k)dk = 0.
K

(7)

k =0

Then, the Navier–Stokes equation reads
∂E(k)
(8)
TK ( k ) + F A( k ) + D ( k ) ,
∂t
where E( k ) = 1 ∂ Vk2 is the variation of the kinetic
2 ∂k
energy at the wavenumber k , FA(k) = Ra Pr ∂ TV z< is
E ∂k
the work of the Archimedes force, and
D ( k ) = − Pr k 2E ( k ) is the dissipation. Relation (8)
describes the total kinetic energy flux for the wave
number k .

Similarly, for the pulsation flux T 2 we have
TT = − ∂ ⎡⎣ T <(Vi ⋅ ∇ i)T − T <V z ⎤⎦ , where the second
∂k
term allows for the explicit form of the temperature pro
file T0. Below, we will examine only the first term in TT.
To investigate the detailed structure of the triad
mechanism, we should discuss the type of the energy
equation describing the energy transfer from shells
Q and P to shell K. The Navier–Stokes equation reads
∂E(K)
VV
= T3 + A(K) + D(K),
(9)
∂t
where E ( K ) and D ( K ) have the same form as in (8),
VV
and
T3 = Vi(K) ⋅ (V j(P) ⋅ ∇ j)Vi(Q) ,
A ( K ) = Ra Pr T ( K ) V z( K ) . For T 2 , the expression for
E
the
flux
looks
as
follows:
TT
T3 = T ( K ) ⋅ ( V j( P) ⋅ ∇ j)T (Q ) .
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Fig. 1. Cross sections of the fields of temperature T + T0 and the vertical velocity component Vz for the case without rotation
(NR regime). The upper panels are for x = 4.3, whereas the lower panels are for z = 0.8. The field ranges are (0, 1), (–257, 506),
and (0.03, 0.86), (–254, 572).

It is also useful to introduce the function T2( K , Q ) =

∫T (K, Q, P)dP. Generally speaking, the last statement
3

needs some explanation. We can show that T2 means
the energy flux from harmonic Q to harmonic K (see
the references in (Alexakis et al., 2007)). Analyzing T2 ,
we can estimate whether the energy transfer is local or
not, but we cannot estimate the locality of the interac
tion itself. Examining T3, we can completely reproduce
the structure of the wave triangle and find out whether
the interaction is local or not. Note also some useful
properties of the function T2 : in the general case, for
arbitrary periodic (or random homogeneous) nondi
vergent fields u ( Q ), w ( K ) , and V , we have (Alexakis
et al.,

2005):

T2uw( Q , K ) = −T2wu( K , Q ),

where

= ui(K) ⋅ (V j ⋅ ∇ j)wi(Q) ,
Twu( Q , K ) =
wi( Q ) ⋅ ( V j ⋅ ∇ j) ui( K ) , which corresponds to the
equality of the energy obtained by shell K from shell Q
to the energy transferred from shell Q to shell K. In the
next section, we will consider the properties of the
fluxes TK, T2 using system (1) as an example and find
out how they change after the rotation is introduced.

T2uw( Q , K )

FLOW STRUCTURE
The onset of convection in an infinite plane layer is
a threshold phenomenon resulting from the increase
in the Rayleigh number up to its critical value Racr. Let
us consider three convection regimes (Fig. 1):
NR: Norotation regime (the Coriolis force is
zero), Ra = 9 × 105, Pr = 1, and E = 1.
R1: Regime with rotation, Ra = 4 × 10 2, Pr = 1, and
−5

E = 2 × 10 .

R2: Regime with rotation, Ra = 1 × 103, Pr = 1, and
−5

E = 2 × 10 .

The NR regime corresponds to turbulent convec
2

tion without rotation with the quasiperiodic in time
behavior of the kinetic energy E K ( t ). Note the appear
ance of a smallscale hydrodynamic helicity
Ᏼ

Ᏼ

= V ⋅ rot V . The average helicity Ᏼ Ᏼ
ᐂ is zero for the

norotation case because no preferred direction exists.
For more details, see the studies on the dynamo theory
of mean fields (Moffat, 1978: Krause and Rädler, 1980;
2 Since

at the onset of convection the horizontal scales Lx = Ly of
the convective cell exceed its vertical scale Lz, a horizontally
elongated box is usually applied. In our computations,
L x = L y = 5 Lz ≡ 5 L .
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Fig. 2. Cross sections of the fields of temperature T + T0 and the vertical velocity component Vz for the case with rotation
(R1 regime). The upper panels are for x = 4.3, whereas the lower panels are for z = 0.8. The field ranges are (0, 1), (–88, 127),
and (0.17, 0.23), (–55, 86).

Zeldovich, Ruzmaikin, and Sokoloff, 1983) and the
results of direct numerical simulations (Meneguzzi
and Pouquet, 1989).
Thermal convection with rotation is characterized
by the appearance of a large number of vertical rotat
ing columns (cyclones–anticyclones). Their number
depends on the Ekman number as k c ∼ E − 1/3 (Chan
drasekhar, 1961; Busse, 1970; Jones and Roberts,
2000). For the Earth’s liquid core, E ∼ 10 −15, this obvi
ously makes numerical simulations with realistic val
ues of this parameter impossible. Regimes with E =
10–4–10–6 (Jones, 2000) are usually accessible. The
numerical experiments are aimed at obtaining an
asymptotic regime and making the corresponding
extrapolation to terrestrial parameters. From the lin
SOLAR SYSTEM RESEARCH
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ear analysis, we know that the critical Rayleigh num
ber, related to the convection onset, depends on the
Ekman number as Racr ∼ E–1/3. Increasing Racr leads to
cyclonic convection, which in turn results in enhanced
dissipation.
The R1 corresponds to the geostrophic state of
convection near its onset threshold, which is character
ized by a regular spatial structure of cyclones (Fig. 2).
The increase in Ra (regime R2) leads to the disorder
ing of cyclones, the appearance of smallscale flows in
the z direction, and to a deviation from geostrophy.
The amplitude of the nonlinear term becomes closer
to those of the Coriolis force and the pressure gradient;
the time behavior becomes more chaotic. Hydrody
namic helicity appears in both cases with rotation. It
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Fig. 3. The dependence of the total kinetic energy EK (a) and transverse E K (b) and longitudinal E K (c) energy components for
the three regimes: NR (solid line), R1 (crosses), and R2 (circles). All functions are normalized by the maximum EK.

behaves like Ᏼ Ᏼ = V ⋅ rot V xy ∼ z − 0. 5 (averaging is
made in the ( x , y ) plane) in the main volume. As men
Ᏼ
tioned above, Ᏼ is zero for the NR regime.

the z coordinate (Fig. 3). The different behavior of the

Let us consider in more detail the behavior of
kinetic energy for different velocity components along

boundary conditions. For the NR regime, the energy
components are comparable in the main volume:

transversal
||

E K⊥ = ⎛⎜⎝V x2 + V y2 ⎞⎟⎠ / 2

and

longitudinal

E K = Vz /2 energy components is related to the
2
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Fig. 5. The spectra of kinetic energy EK, E K , E K as a func
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R1 (crosses), and R2 (circles). The straight line corre
sponds to the ~k–5/3 Kolmogorov spectrum.

(solid line), R1 (crosses), and R2 (circles). The straight
line corresponds to the ~k–5/3 Kolmogorov spectrum.

E K⊥
where the factor 2 arises due to
|| | z =0. 5 ∼ 0 . 8,
2E K
the summing over two horizontal directions. On the
contrary, for R1, the sign of the rotation changes when
approaching the central region and E K⊥ turns to zero:

λ R1
K ∼ 0 . 2. It is interesting that the increase in Ra
(R2 regime) results in increased anisotropy in the entire
volume: λ R2
K ∼ 10, this means that at a sufficiently large
Ra and strong rotation, the vertical fluxes of kinetic
energy degenerate. First, the degeneration of the third

λ NR
K

ET|| as a function of (a) k, (b) k⊥ , and (c) k|| for regimes NR
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FT||(z)

= | TVz |

and FT =

xy

⊥
FT

+

||
FT.

1.0

(а)

0.5
TK

dimension in the threedimensional convection during
rotation was predicted by Batchelor (1953) (see also the
similar degeneration due to the effect of a largescale
magnetic field (Kraichnan, 1965)). When Re increases
(R2), layer structures arise at z = 0 , 1. The last effect is
associated both with the existence of the thermal bound
ary layer with a thickness δT ∼ Ra −1/3, and with the invis
cid boundary conditions for V x and V y.
Let us consider how the anisotropy associated with
the heterogeneous spatial distribution of kinetic
energy affects the convective heat transfer. Figure 4
demonstrates the fluxes FT⊥(z) = | TVx | + | TVy | xy ,
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A specific feature

k

10
(b)

||

0.5
T⊥K

of regimes with rotation is small fluxes FT in the cen
tral region. This is due to the reduction of pulsations
〈T 2〉, although the amplitude of V z grows away from
the boundaries (see Fig. 4d). The maxima of 〈T 2〉 cor
respond to the boundaries of the thermal boundary
layers. The corresponding anisotropy coefficients at
⊥
the maxima of FT λT = FT || are λTNR ∼ 2, λTR1 ∼ 1,
2 FT
R2
λT ∼ 5. In other words, rotation blocks the heat trans
fer along the axis of rotation at sufficiently large Ra.

–0.5

–1.0
1
0.1

SPECTRAL PROPERTIES
For all three regimes, we introduce integral, longi
tudinal, and transverse kinetic energy spectra: E K ( k ),

E K⊥

⊥

K

K

x

x

y

y

z

z

x

z

k

10

(c)

and

y

Here,

T储K

∫∫ E (k , k , k )dk dk ,
respectively.
(k ) = ∫ E (k , k , k )dk

E K|| ( k||) =

0

0

k⊥2 = k x2 + k y2, k|| ≡ kz.
For the NR regime, the spectral properties of con
vection are close to the Kolmogorov dependence
||

−5/3

(Fig. 5). The behavior of the spectra E K and
⊥
E K differ only by the normalizing factor ∼ k , which
testifies to the high isotropy of the norotation regime.
This result agrees well with the fact that the form of the
convective cells at the onset of convection is close to
isotropic.
The spectra of convection with rotation differ from
those for the norotation case. The R1 regime is close
to the onset of convection. The integral spectrum
(upper panel) demonstrates a wellpronounced peak
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⊥
Fig. 7. The fluxes of kinetic energy TK (a), TK (b), and TK

(c) and the temperature fluctuations TT (d). The values are
normalized by the extreme TK for (a)–(c) and by the
extreme TT for (d).
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Fig. 8. The fluxes of kinetic energy T2 (k) for regimes NR (a), R1 (b), and R2 (c).

kc ∼ 8, corresponding to cyclonic flows. The increase
in Ra (R2 regime) leads to the filling of the gap in the
spectrum and the integral spectrum tends to that with
out rotation. The filling of the spectral gap is also
observed in problems with spherical geometry (Resh
etnyak, 2006) and in cascade turbulence models
(Reshetnyak and Steffen, 2006).
||

For regime R1, the spectra E K⊥ and E K are strongly
||

different: the spectrum E K does not feel the boundary
⊥

k = kc, whereas k < kc is close to white noise at E K and
abruptly decays at large k ⊥. For larger Ra, E K⊥
approaches the Kolmogorov spectrum, whereas the
transverse spectrum is still white for small k ⊥ and its
slope is close to that of the spectrum without rotation
at k⊥ > kc.

Note that for regimes R1 and R2, the form of the
integral spectra E K is completely defined by the form
of their transverse spectra E K⊥.

The spectra of temperature pulsations differ from
the kinetic energy spectra by their sawtooth character
(Fig. 6). Zero boundary conditions for V z and T are
responsible for this. In all other respects, the ET and
EK spectra are similar.
The observable similarity of the R2 and NR spectra
does not mean the similarity of the intrinsic physical
processes. Thus, in twodimensional turbulence (Kra
ichnan and Montgomery, 1980), the kinetic energy
spectrum with ∼ k −5/3 is also observed but the energy is
transferred not from larger to smaller scales but in the
opposite direction. The estimates for the terms for R2
(Reshetnyak, 2008) indicate that the geostrophic bal
ance is satisfied.
Let us consider TK(k ). The NR regime demon
strates the wellknown pattern of the direct Kolmog
orov cascade of kinetic energy (Fig. 7). For large scales
TK < 0 , these scales are sources of energy. When mov
ing to the infrared region, the flux changes its sign to
positive; thus, the energy is consumed. The two
dimensional turbulence exhibits a mirrorsymmetric
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flux pattern (Kraichnan and Montgomery, 1980). In
this case, the inverse energy cascade is observed
instead of the direct one.

(а)
108

T2

Rotation essentially changes the behavior of the
energy fluxes; kc is the energycarrying wavenumber.
For k > kc , we also observe the direct energy cascade
TK > 0. The maximum of TK is shifted to the right rel
ative to the spectrum maximum and the shift is
increasing with increasing Re. The situation is much
more complicated for k < kc when the inverse energy
cascade T K > 0 is observed for small wavenumbers. At
the same time, the cascade is still direct, T K < 0 in
most of the wavenumber range 0 < k < kc .
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To estimate the anisotropy effects, let us decom
pose the TK flux into a sum of its transverse and longi
T2

||

tudinal parts, TK⊥ K and TK , implying the summation
in Eq. (6) over the index j for 1… 2 and 3, respectively,
and i = 1…3 for both fluxes. For all three regimes, the
vertical fluxes are much smaller than the horizontal
||

Therefore, the transverse flux Π K contributes the most
to Π ⊥K ∼ V⊥< ⋅ ∇ ⊥E K. This asymmetry is the most signif
icant difference between thermal convection and the
homogeneous and isotropic model among all of the
features that we have considered before.
It is even more complicated to analyze the fluxes of
thermal energy, or, to be more exact, fluctuations of
the squared perturbations of temperature T , since the
2 1/ 2

distribution of T
is determined by the boundary
layers. Therefore, we shall limit ourselves to analyzing
only the integral flux TT (see Fig. 7d). On large scales,
the inverse cascade of thermal energy is observed in the
NR regime. This cascade is associated with the energy
flow from the boundary layer to the main volume. The
effect was not observed for TK because the inviscid
boundary conditions were applied for V⊥ . For regimes
with rotation, the form of TT is close to that of TK . For
a more detailed analysis of TT , it should be considered
in four separate regions corresponding to the different
vertical changes of T 2

1/ 2

(Fig. 4d).
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ones. Apart from this, the dependences TK are close to
those of TK. This asymmetry is associated with the fol
lowing features of thermal convection. The flux
∂E
Π ||K ∼ V z< K is obviously small for geostrophic flows.
∂z
It is also small for the norotation regimes, because the
kinetic energy does not change along the vertical in the
main volume and V z is small near the boundaries.
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Fig. 9. The fluxes of kinetic energy T2 (K − Q) for regimes
NR (a), R1 (b), and R2 (c).

THE LOCALITY OF NONLINEAR
INTERACTIONS
Now let us consider the structure of triad interac
tions. Figure 8 presents the diagram of the kinetic
energy fluxes T2VV , antisymmetric with respect to the
diagonal K = Q, for the three regimes. On the whole,
the pattern resembles the results of Alexakis et al.
(2007) obtained with an imposed force: harmonics
with K > Q take the energy from harmonics with K < Q
(the direct energy cascade). The maximum energy flux
corresponds to the one closest to the diagonal har
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Fig. 10. The fluxes of temperature pulsations T2 (k) for regimes NR (a), R1 (b), and R2 (c).

monics with K ~ Q, i.e., there is a local energy transfer.
Note that there are regions (for example, Q = 5, K = 20),
in which a nonlocal inverse cascade of energy is
observed as well (see the discussion in the Introduc
tion); integrally, the pattern is close to the idealized
Kolmogorov scenario. It is convenient to represent the
diagram from Fig. 8, in the form of an integral over Q
and K, as a function of K–Q (see Fig. 9). This figure
clearly demonstrates the direct cascade, as well as the
local interaction and local energy transfer.
The rotation changes the behavior of T2VV at k < kc,
leaving it unchanged in the highfrequency region
k > kc. Let us consider the changes in more detail. On
one hand, the absolute maxima (minima) lie in the
region close to kc, this means that the energy is trans
ferred to the region of larger k from the leading mode.

On the other hand, at k < kc , the energy flux drops,
which corresponds to the approach of the system to
the statistical equilibrium, which is also observed in
Fig. 7. On a larger scale (see Fig. 8c), a finer structure
is observed for small k: region A with the direct energy
cascade, but with an equiprobable energy transfer both
from small Q ∼ K and from rather large Q ∼ 4 K .
Region B with the inverse energy cascade (and, like
region A, with a small (about 1/10 of the absolute
maximum) amplitude of energy fluxes) has an elon
gated striplike form from Q ∼ K to Q ∼ 10 K. This
corresponds to the appearance of a small negative
minimum for K > Q in Fig. 10.

3

3 We

do not make any comments about the behavior of the curve
for K < Q (regions C and D), because this function is antisym
metric.
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TTT
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The properties of the T2TT and T2VV diagrams are
similar for NR (see Figs. 10, 11). Rotation leads to the
appearance of an inverse cascade with a high degree of
nonlocality in the energy transfer: the extrema in
Fig. 10c are shifted with respect to the diagonal. The
latter is also manifested in shifting the maxima (min
ima) from the point K = Q in Fig. 11. It appears that
the nonlocality is stronger manifested for the equation
of heat transfer than for the Navier–Stokes equation
(see Fig. 9). The increase in Ra leads to the reduction
of nonlocality. However, as before, the boundary
between the direct and inverse cascades with k ∼ kc is
still clearly apparent (see Fig. 10d).
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The increase in Ra (R2 regime) leads to the shifting
of the region with the inverse energy cascade towards
small Q and K > Q. As before, here we can speak about
the existence of a state close to the equidistribution for
k < kc . This regime is also characterized by a longer
interval in the region of k > kc with the local energy
transfer and direct cascade. The relative contribution
of the region with the inverse cascade becomes smaller
(see Fig. 9b). At the same time, this contribution shifts
to the largescale region k  kc . This can be interest
ing for geodynamo applications, where kc ∼ 10 5 and
the region of the geomagnetic field generation (which
corresponds to the range k ∼ 1–103 for the stateof
theart estimates of the magnetic Reynolds number
Rm ~ 102–103) are separated by at least several orders
of magnitude.
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DISCUSSION
Now let us discuss how our results can be used in
describing the processes in the Earth’s core. It is well
known (Hunter and Riahi, 1975; Boubnov and
Golitsyn, 1995) that the influence of rotation on ther
mal convection can be estimated by the ratio between
 = RaE − 1 and the Taylor num
the Rayleigh number Ra
 .
ber Ta = E . Convection is possible at Ta  Ra
  Ta (i ). At
The role of rotation is small at Ra
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Fig. 11. The fluxes of temperature pulsations T2 (K − Q)
for regimes NR (a), R1 (b), and R2 (c).

3/2

−2

  Ta  Ra
 4 /3 the rotation may lead to the
Ra

enhanced heat flux (ii ) in the case of noslip condi
tions (Rossby, 1969). The last effect is due to the
“pressing” of the thermal boundary layer by the
Ekman layer with an increasing Ta. The rotation
results in weaker heat fluxes and the cessation of con
  Ta  Ra

vection at Ra
(iii ). In the study, we
focused on the behavior of fields in the main volume;
therefore, we chose the inviscid boundary conditions.
However, even with allowance for the inviscid bound
ary conditions, the increase in the heat flux is impossi
4/3

3/2
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ble in regime ii because the Ekman layer is thinner
than the thermal boundary layer.
 ⊕ ∼ 10 , Ta = 4 × 10 28, for
The estimates give Ra
⊕
the liquid core of the Earth (Christensen and Aubert,
30
 4/3
2006). Thus, Ta < Ra
and regime ii is
⊕ = 4 × 10
observed. The above estimate corresponds to the case
when Ra exceeds the critical value Racr at the excita
tion threshold by a factor of 5000. More modest esti
mates give Ra ~ 500 Racr (Jones, 2000). The R1 and R2
regimes, which were considered above, also belong to
 R1 = 2 × 10 7 ,
the range (ii ): Ta R1 = Ta R2 = 2 . 5 × 10 9 , Ra
4/3
 R1
 R2 = 5 × 10 7. The, TaR1 < Ra
Ra
= 9 × 1010 . The esti
23
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mates for the Nusselt number Nu = 1 + V zT give
Nu NR = 5 , Nu R1 = 1 . 4, Nu R2 = 3 . 9. It is interesting
that the systems with rotation exhibit the fast (as com
pared to nonrotating systems) growth of heat fluxes

 . The scaling with Nu ∝ Ra
with an increasing Ra

2/7

is


changed to the “intermediate” scaling Nu ∝ Ra
(for the details of the numerical simulations, see (King
et al., 2009)). Note that the faster growth of heat trans
 3 Ta 2 was also observed in the experi
fer Nu ∝ Ra
ments (Boubnov and Golitsyn, 1995). The realization
of one or another scaling may depend on the selection
of the boundary conditions in the horizontal direction,
which is closely related to the formation of horizontal
ridge structures in the cases when periodic boundary
conditions are applied in numerical models. At the
same time, the increase in the Reynolds number for
6/5

V

horizontal velocities Re ∝ Ra

2

(Boubnov and
V

Golitsyn, 1995) is close to that observed, Re RV1 = 8.3 ~
Re R2
2

⎛ Ra R1 ⎞
⎜
⎟ = 6.2.
⎝ Ra R2 ⎠
Even for relatively large amplitudes of heat sources,
the system behaves differently depending on the posi
tion in the wave space relative to the leading mode kc .
A small inverse energy cascade is observed for modes
with k < kc , the system approaches the static equilib
rium, and the interaction becomes nonlocal. Coher
ent structures appear which are typical of the two
dimensional turbulence (Tabeling, 2002). The energy
cascade is direct for modes with k > kc ; however, non
local energy transfer from small k ∼ kc may be
observed. The triad mechanism for the heat transfer
equation demonstrates the appearance of the inverse
energy cascade even more efficiently than the Navier–
Stokes equation does.
The approaches considered above demonstrate the
diversity of the interactions between different modes
in the system without any magnetic field, which is
rather simple as compared to the general dynamo
problem. Such an analysis can be useful in developing
new models with turbulent transfer coefficients in
order to reach an agreement between the results of
direct simulations and the fluxes at scales exceeding
the scale of averaging d a . Only such stepbystep com
parisons can guarantee the correctness of the intro
duced semiempirical turbulence model. The repro
duction of the inverse cascade at dc < da is a nontrivial
problem.
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