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Abstract—The dependences of the magnetic-ﬁeld strength, variations of the magnetic ﬁeld, and the
multipole level on the amplitudes of the α and ω eﬀects are considered using a two-dimensional model
for a Parker dynamo in a spherical layer. Calculations have been carried out for both traditional spatial
distributions of α and ω and geostrophic regimes obtained from three-dimensional modeling of thermal
convection. Two-dimensional distributions of the dynamo-wave velocities in the zone where magnetic ﬁeld
is generated are presented. Comparisons with the solar and planetary dynamos are considered.
DOI: 10.1134/S1063772915110074

1. INTRODUCTION
Dynamo theory, which describes the transformation of the energy of motion of a conducting ﬂuid
into magnetic energy, has been successfully used to
explain the origin of observed magnetic ﬁelds in many
astrophysical objects [1]. Models with varying degrees of complexity are currently used: from explicit,
simpliﬁed Lorentz-type models to three-dimensional
models including equations of state. It is not surprising that it has proved possible to ﬁnd a variety
of model solutions ﬁtting numerous observations by
suitably varying the model parameters. This led to
an enhancement in the requirements for models, and
it has become standard even for the simplest models
to carry out numerical tests [2] (for more detail about
tests of three-dimensional models, see [3–5]) and
tests for consistency with the overall set of observed
characteristics of the magnetic ﬁeld. For example, it
is now taken as obvious when modeling reversals of
the magnetic dipole to take into account the behavior
of small-scale models, the form of the spectra of ﬁelds,
the role of rotation on the generation of large-scale
magnetic ﬁeld in the planetary dynamo (geostrophy),
and the eﬀects of suppression of convection by magnetic pressure on various scales. An sign of a successful model is its ability to provide some new understanding of the physics of the relevant processes,
and not simply reproduce physical parameters close
to those observed.
Being a fairly young theory, dynamo theory is now
approaching a point where the mathematical formulation is overall agreed among specialists, but the
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identiﬁcation of optimal parameters requires further
study. This requires the reconstruction of physical parameters from observations. Note that, compared to
direct simulations, a disproportionately small number
of studies have been dedicated to ﬁtting observations
with dynamo models. There are a number of reasons
for this, related to the fact that, as a rule, observations
are restricted to the surface of a studied object and
are not available for all physical ﬁelds of interest for a
given problem, which can lead to incorrect formulation of a problem in the sense of Adamar. In practice,
best-ﬁt parameters are often determined by eye, to the
extent enabled by the patience of the researchers, and
studies are generally limited to the investigation of
four or ﬁve regimes and vague phrases about further
studies in the future. At the same time, in ﬁelds such
as seismology and tomography, parameter ﬁtting is
used not only to provide useful information to the
user (it is diﬃcult to imagine geophysics research or
methods for ﬁnding tumours limited purely to direct
mathematical solutions), but also to test model equations for compatibility.
Here, we set ourselves a more modest task, anticipating future parameter ﬁtting using dynamo models,
and closely related to the question of ﬁnding optimal
solutions: using a computer cluster to simultaneously
obtain numerical solutions for various parameter values, and constructing a phase picture of the solutions.
For this purpose, we considered a two-dimensional,
spherical Parker dynamo model, where the solution
depends on the radial coordinate and the latitude.
We have investigated how the basic characteristics
of the solutions change when the amplitudes of the
α and ω eﬀects responsible for the generation of the
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large-scale magnetic ﬁeld are varied. Even a twodimensional phase space provides a large volume of
information that can be used to distinguish between
the various possible solutions for this simple dynamo
model. The range of parameters encompasses both
regimes that are characteristics of the solar dynamo
and geostrophic states typical for planetary dynamos.
2. THE PARKER MODEL
A Parker dynamo model in a two-dimensional approximation was used to describe the generation of
magnetic ﬁeld in various applications. This model
is fairly primitive by modern standards, since it does
not take into account the longitude dependence of
the solution and the description of the hydrodynamical part of the problem is obviously poorer than the
magnetic part. The parameters responsible for the
hydrodynamics are usually taken to be speciﬁed, and
the inﬂuence of the magnetic ﬁeld on the hydrodynamics amounts to a reduction in their amplitudes.
However, this model can provide a good starting point
for studies of a number of objects for which the observational data may be insuﬃcient to enable detailed
analyses. At the same time, a Parker model provides
a good explanation for both certain observations and
very complex physical processes occurring in threedimensional models. The ﬁrst Parker model was developed for the Sun [6], then actively applied to galatic
[7] and planetary [8] dynamos, where the inﬂuence of
the magnetic ﬁeld on the large-scale velocity was also
taken into account. Below, we consider a realization
of a Parker model based on [9].
The generation of axially symmetric magnetic ﬁeld
in a spherical coordinate system (r, θ, ϕ) in a spherical envelope ri ≤ r ≤ r0 is described by a system
of equations for the magnetic ﬁeld B. The magnetic ﬁeld can be written in terms of the poloidal
Bp and toroidal Bt components. It is convenient
to express the poloidal component in terms of the
vector potential A: Bp = ∇ × A, which has only one
component by virtue of the axial symmetry of the
problem: A(r, θ) = (0, 0, A). The toroidal ﬁeld has
only an azimuthal component: Bt (r, θ) = (0, 0, B).
The generation of magnetic ﬁeld is described by the
system of equations


1
∂A
2
A, (1)
= αB + (V × B)ϕ + ∇ − 2 2
∂t
r sin θ


1
∂B
2
B,
= rotϕ (αB + V × B) + ∇ − 2 2
∂t
r sin θ
where the α eﬀect is responsible for the generation of
magnetic ﬁeld through turbulence (see the classical
monograph on the mean-ﬁeld dynamo [10] for more
detail) and V is the large-scale part of the velocity of
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the conducting ﬂuid. The contribution of the latter
is made via diﬀerential rotation—i.e., the spatial gradient of the azimuthal component—and meridional
circulation (see references in the study of Popova [11]
on the solar dynamo for more detail). Further, we
restrict our consideration to the ﬁrst inﬂuence of V—
diﬀerential rotation.
The system (1) was closed with pseudo-vacuum
boundary conditions at the boundaries of the envelope
∂
ri and r◦ , B = 0 and
(rA) = 0, with A = B = 0
∂r
at the rotation axis θ = 0, π, where ri = 0.35 is the
characteristic value for the Earth’s core.
With speciﬁed V and α, the system (1) has exponentially growing (or decaying) solutions. In the ﬁrst
case of interest, we introduce the feedback inﬂuence
of the magnetic ﬁeld on the source of energy. There
are various ways to do this. One possible feedback
is the suppression of the α eﬀect, which should occur
since the kinetic energy of the turbulence is less than
the energy of the large-scale motions. Although attempts to take into account the inﬂuence of the magnetic ﬁeld on large-scale velocities for the geodynamo
[8] led to ralistic suppression of the magnetic-dipole
ﬁeld, they yielded azimuthal rotational velocities for
the ﬂuid an order of magnitude higher than the western drift speed. Other approaches proved to be more
labor-intensive, and have not been popular in other
astrophysical applications. Further, we will consider
an algebraic model for the suppression of the α eﬀect:
α0 (r, θ)
,
(2)
α=
Em (r, θ)
1+
0
Em
where α0 (r, θ) is the initial speciﬁed distribution of α,
0 a constant
Em = B 2 /2 the magnetic energy, and Em
parameter deﬁning the level of stabilization of the
solution in the non-linear regime.
The basis of our study was a ﬁnite-diﬀerence C++
code [9] that had passed a reproducibility test (benchmark) [2]. To analyze the inﬂuence of the amplitudes
Cα and Cω of the convection sources α◦ and V on
the solution of the system (1)–(2), an MPI code was
realized on a cluster of parallel computers, such that
the values of Cα and Cω were unique on each processor. This made it possible to compute the model on
101 × 101 two-dimensional grids for r and θ without
interaction between the processes, as is most optimal
for cluster systems. The grid of the parameters Cα and
Cω was 10 × 10, so that 100 processors were used; one
additional processor was allocated to synchronization
of the ﬁnal output data. The subsequent data reduction was carried out using C++ and Python code and
the Python Matplotlib graphical library on a computer
with a Ubuntu operating system. The characteristic computation time for two diﬀusion times in the
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model on the cluster of the Interagency Supercomputer Center of the Russian Academy of Sciences and
the “Chebyshev” SKIF supercomputer of Moscow
State University was of the order of ﬁve hours.
3. COMPUTATIONAL RESULTS
The choice of parameters for the solar dynamo is
very non-trivial. If we suppose that the diﬀerentialrotation proﬁle corresponds to helioseismology measurements (see [12] for more detail), a dynamo wave
at the surface of the convective zone in a Parker model
propagates toward the poles if we choose α to be
positive in the Northern and negative in the Southern
hemisphere. This contradicts certain observations
(see, e.g., [1]). Note that positive α corresponds
to negative hydrodynamical helicity, as follows from
conservation of rotational angular momentum and
the negative density gradient at the radius of the
convective zone.
There is currently no concensus about how to resolve this problem. One possibility is to use non-local
distributions of the α eﬀect [13], however, no serious
basis for this approach has been observed. Moreover,
the use of non-local distributions means that the inﬂuence of meriodional circulation leading to transport
of ﬁelds will be important. Since information about
meriodional circulation refers only to the surface of
the convective zone, this adds another free parameter.
One degree of uncertainty in this question consists in
determining the number of convective cells [1].
Another possibility is to change the sign of the
α eﬀect to negative in the Northern hemisphere. In
this case, it remains unclear how to relate this to
our views of the sign of the hydrodynamical helicity.
It is obvious that, in the presence of such a large
set of postulated eﬀects used in modern mean-ﬁeld
models, including the suppression of diﬀusion of the
magnetic ﬁeld, turbulent diamagnetism, and various
forms of non-linearity [13], the ﬁnal solution will be
obtained through three-dimensional modeling using
magnetohydrodynamical input equations, but initialy
without the real parameter values.
In this connection, we will further consider the
combination of the α and ω eﬀect providing the correct direction of motion of the dynamo wave at the
surface of the solar convective zone, which is also
in agreement with the sign of the hydrodynamical
helicity. The distributions of the α eﬀect and angular
velocity Vϕ [9, formulas (7), (8)] have the form


r − ri
sin 2θ,
(3)
α◦ = Cα sin π
r◦ − ri
2

π
−1
Vϕ = Cω (r − ri )(r◦ − r)e−0.7 (θ− 2 ) sin θ.

These are very approximate dependences reﬂecting
some general properties: the dipolar symmetry of α
and quadrupolar symmetry of Vϕ about the equator,
the decrease in the azimuthal velocity at the boundaries and the axis. More details and plots of these
distributions can be found in [9].
Let us consider a Cα − Cω diagram for the time 
averaged amplitude of the magnetic dipole g10 
(Fig. 1a). Recall that the Gaussian coeﬃcients are
spectral coeﬃcients in an expansion in Legendre
polynomials in the normalization of Schmidt. The
series S = (l + 1)(gl0 )2 in the index l is called the
Mauersberger spectrum [14]. The superscript “0”
corresponds to the axially symmetric part of the
solution. In the general, non-axially symmetrical
case, the expansion must be presesnted in terms of
associated Legendre polynomials.
Note that solutions with negative and positive values for Cω behave diﬀerently. The intensity of the
magnetic dipole g10 grows more rapidly with growing |Cω | when Cω is positive1 . The product Cα Cω ,
known as the dynamo number D, inﬂuences the properties of strongly non-linear solutions (g10 > 1) only
weakly, which amounts to an absence of hyperbolic
dependences in the correponding plots. Recall that
the amplitude of the solutions precisely follows a hyperbola for one-dimensional models; i.e., the quantity
D is unambiguously determined. We should also
bear in mind that Eqs. (1) considered above are an
approximation for the αω dynamo, for which Cα 
Cω . With comparatively large Cα in the equation for
B in (1), an additional term appears, which takes into
account the generation of toroidal magnetic ﬁeld due
to the α eﬀect—the so-called α2 ω-dynamo regime.
The sign of the dynamo number determines the direction of propagation of the dynamo wave. Generally
speaking, waves can simultaneously exist at diﬀerent
latitudes, moving in diﬀerent directions. Collisions of
waves are also possible, for example, in the vicnity
of the equator, as is being discussed for the solar
dynamo. A change in the sign of D leads to a local
change in the signs of these waves.
To separate the zero solution from oscillations at
zero mean level, which also corresponding to the
black background in Fig. 1a, we consider the quan
2 1/2
δg
, where δg = g10 − g10
(Fig. 1b).
tity R =
|g10 |
The dark regions correspond to oscillation regimes
for which the oscillation amplitude is lower than the
mean ﬁeld. Such a characteristic region is observed
for Cα = 500 and Cω = −104 . At the same time,
1

Further, we show that this conclusion is valid only for solutions with suﬃciently high amplitudes g10 .
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Fig. 1. Cα − Cω diagram for (a) |g10 |, (b) R, and (c) lmax with the use of (3).
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clearly expressed light regions are present, for which
the amplitude of the variations is much greater than
the mean value. In this case, the magnetic dipole reverses. It is obvious that, the more regions with diﬀerent signs of R, the more probable the transition from
one regime to another. This could be relevant when
interpreting paleomagnetic data, where transitions
from a regime of frequent reversals to a prolonged
superchron are known, and also when reproducing
disruptions of dynamo processes, associated in solar
physics with the Maunder minimum.
Spectral information is very important for testing
the performance of models. When considering requirements for the numerical realization of a model,
we must be certain that all spatial scales are numerically allowed; i.e., the number of points or spectral
functions in the model is suﬃcient to describe the
relevant ﬁelds. Good practice in three-dimensional
models is for the spectral maximum to be a factor of
100 higher than the amplitude of the spectrum on the
diﬀusion scale [15] (the ratio for the ﬁelds will then
be an order of magnitude). It is obvious that lowmode Lorentz models require veriﬁcation of such conditions dynamically during the computations, which
may prove to be more complicated than the computations themselves for such models. Regimes when the
spectral maximum occurs at some intermediate scale
between the scale for the system and the diﬀusion
scale are possible. It is important to ensure that the
numerical model can resolve this scale. Figure 1c
presents the distribution of the wave number lmax
corresponding to the position of the maximum in the
spectrum |gl0 | in terms of l. The dark region (values
equal to unity) corresponds to a regime with a dominant dipole (fractional values at the scale height are
the result of interpolation and time averaging). Light
regions correspond to multipole solutions. We can
see that dipole and quadrupole modes dominate when
D > 0 values, and multipole modes when D < 0. In
the latter case, islands of lower values are observed
against the background of higher values of lmax .
Solutions with a high degree of multipolarity with
small amplitudes of the large-scale harmonics could
be of interest for describing the so-called invisible
dynamo [16]. The idea is to compose a conﬁguration
of sources of magnetic ﬁeld such that the generated
magnetic ﬁeld does not have a poloidal component at
the outer boundary (the toroidal component will also
be zero by virtue of the vacuum boundary conditions).
In this case, there will be no magnetic ﬁeld outside
the object. The absence of a poloidal component is
a fairly strong condition that appreciably narrows the
circle of possible solutions. A softer condition is that
the poloidal magnetic ﬁeld rapidly decay outside the
object, say, by an order of magnitude over a scale
comparable to the size of the ﬁeld-generation zone.

Such a decay can be provided by the multipolarity of
the solution at the boundary r◦ .
Above, we considered a fairly crude scale for Cα
and Cω , insuﬃcient to enable consideration of the
properties of the solution near the generation threshold. By decreasing the range of Cα and Cω by an order
of magnitude, we can obtain more detailed information for the parameter g10 (Fig. 2), on a range two
orders of magnitude smaller than in Fig. 1. Here we
observe the opposite picture: the excitation threshold
for solutions with low amplitude is lower for D <
0, and there exists a hyperbolic dependence for the
dipole amplitude in the coordinates Cα , Cω (Fig. 2a).
The light region in Fig. 2a corresponds to small oscillations at a non-zero level (Fig. 2b) with a dominant
dipole magnetic ﬁeld (Fig. 2c).
It is interesting that the applicability of mean-ﬁeld
dynamo models with simple forms of quenching of
the α eﬀect for large |D| is not obvious a priori,
since higher-order models could simply not begin to
be generated (in contrast to, say, turbulence, where
an increase in the amplitude of an energy source
inevitably leads to the development of the spectrum).
A comparison of Fig. 1c and Fig. 2c is consistent with
this assertion, since increasing the amplitude of D by
two orders of magnitude led to a growth in lmax by
unity. Moreover, it follows from our modeling that an
increase in |D| does not always lead to a monotonic
increase in lmax . This suggests the possibility of generating a dipole solution (lmax = 1) with a fairly high
magnetic energy by increasing |D|. This has practical applications in the framework of modeling planetary dynamos. Recall that the Glatzmaier–Roberts
regime [17] with high Rayleigh numbers yields plausible estimates for the ratio of the magnetic and kinetic energies (a strong dynamo regime) with a dominant dipole magnetic ﬁeld; however caution must
nevertheless be applied in relation to these results (for
more detail, see [18]). It is also interesting that the
solution for high wave numbers (superviscosity) was
artiﬁcially suppressed in [17], increasing the relatively
high level of the dipole magnetic ﬁeld. Our quenching
model plays the same role in some sense, suppressing
the generation of high modes.
Let us consider some realizations of the simulations for speciﬁc values of Cα and Cω in more detail, taking Cα = 100 and Cω = 500 as an example.
The solution has dipolar symmetry about the equator
(Fig. 3), and the maximum in the Mauersberger spectrum Sl is at l = 5. The dipole g10 oscillates at the zero
level, and the oscillations of the total magnetic energy
are an order of magnitude smaller than its mean value.
The magnetic ﬁeld at the surface of the sphwere
has the form of traveling waves (see the butterﬂy diagrams in Fig. 4), which propagate toward the equator
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Fig. 2. Same as Fig. 1 for ranges of Cα and Cω that are a factor of ten smaller.
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Fig. 3. Meridional cross sections of the ﬁelds (a) Br and (b) B.

at middle and low latitudes, and toward the poles at
high latitudes. The latter type of wave is observed
more clearly for the Br component of the ﬁeld. This
regime resembles observations of the solar magnetic
ﬁeld.
The direction of propagation of waves in a ﬁnite
volume depends on the coordinates. We can estimate
the local velocity of the wave f = exp(iωt − k · r),
ωk
, as
equal to ω =
|k|2
ω(r, θ) =

f˙
f˙
,
∇r f ∇θ f

,

(4)

where f˙ denotes the time derivative and ∇x the x
coordinate of the gradient. The distribution ω(r, θ)
is presented in Fig. 5. The amplitude of the wave
velocity |ω| can grow appreciably with depth, and
the vector velocity ω can change direction. A single
change in the sign of ωθ is observed at middle latitudes, and two changes of sign at high latitudes. The
waves for the toroidal component of B at the inner
boundary ri propagate in the opposite direction relative to the outer boundary r◦ . As a rule, |ωθ |  |ωr |.
This information can be used to judge the depth of
penetration of the magnetic ﬁeld at the solar surface;
for example, we can conclude that the waves at middle
latitudes observed on the solar surface correspond to

processes in the upper half of the convective zone with
depths ∼0.5(r◦ − ri ), while those at high latitudes
correspond to shallower layers with depths ∼0.3(r◦ −
ri ).
4. INFLUENCE OF ROTATION
Rotation exerts a substantial inﬂuence on both
convection and the generation of magnetic ﬁeld. It
is known from axisymmetric analyses that the twist
of the ﬂows in a plane perpendicular to the rotation
axis caused by the Coriolis force leads to a decrease
in the scale of ﬂows in horizontal planes [19]. Due
to the increase in viscous dissipation, this lowers the
intensity of convection. Another purely hydrodynamical eﬀect is the appearance of non-zero large-scale
hydrodynamical helicity, equal to the scalar product
of the velocity vector and its curl. This quantity is a
pseudoscalar that is closely related to the disruption
of mirror symmetry of the system about the equatorial
plane. In turn, the hydrodynamical helicity is closely
related to the α eﬀect responsible for the generation
of large-scale magnetic ﬁeld. In spite of the fact that
α is associated with rotation, in a ﬁrst approximation,
the contributions of the various spatial components
of this quantity are taken to be equal, corresponding
to a scalar, isotropic α. The next approximation
allows for anisotropy of the tensor α̂. This area is
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Fig. 4. Butterﬂy diagrams for the ﬁelds (a) Br and (b) B.

being actively studied (see [1] for more detail), but the
number of parameters becomes so large that the need
for this tensor probably disappears in the development
of three-dimensional models that do not require the
α eﬀect, at least for simulations. At the same time,
the need for the α eﬀect is very important for the
interpretation of three-dimensional models.
Rotation inﬂuences the spatial distribution of the
diﬀerential rotation and hydrodynamical helicity (see
ASTRONOMY REPORTS
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[20] for more detail). In our current study, we have
investigated some properties of geostrophic turbulence in a rapidly rotating spherical layer for various
Rayleigh numbers, and shown diﬀerences in the properties of convection in and outside the Taylor cylinder
(the region above/below the rigid core). Analytical
approximations for the distribution of the helicity and
diﬀerential rotation in the coordinates (r, θ) are presented in [9]. Generally speaking, the use of such ap-
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(a)

(b)

Fig. 5. Phase velocity ω for the ﬁelds (a) A and (b) B.

proximations in mean-ﬁeld models is not trivial, since
mean-ﬁeld models themselves assume averaging of
the physical ﬁelds on an intermediate scale. This
means that large gradients arising in computations
of the velocity derivatives must also later be averaged.
The averaging itself must be done after computing the
diﬀerential rotation and hydrodynamical helicity, having smoothed the boundaries of the resulting distributions. This is a separate problem that falls outside the
framework of our current study. Further, we restrict
our consideration to the use of distributions that have
not been averaged on intermediate scales, but have
been averaged in time and longitude (corresponding
to formulas (9) in [9])
(5)
α◦ = −Cα r[erf(1.25|z|) + 1]
× e−66.7(s−0.39) sin 2θ,
2



2
2
Vϕ = Cω s e−11.76(s−0.35) + 0.73e−3.84(s−1)
and show to what this leads.
The geostrophic distributions of α and ω (5)
are anisotropic and characterized by large gradients
along the polar radius s = r sin θ and a weak dependence on the vertical coordinate along the rotation
axis z = r cos θ, similar to the distributions of the
velocity ﬁeld and convective perturbations of the
temperature. The quantity α is concentrated near
the boundary of the Taylor cylinder (s = 0.35). The
direction of the azimuthal rotation of the ﬂuid Vϕ
is opposite to the daily rotation for small s. In the
equatorial region, when s ∼ 1, the velocity Vϕ is high,

and its direction coincides with the direction of the
daily rotation.
Figure 6 presents the distributions of g10 , R, and
lmax as functions of Cα and Cω . Positive values of
Cω correspond to the result of the three-dimensional
numerical simulations of [20]. Figures 6a and 6b
show that in most areas R < 0, which corresponds to
a regime of oscillations. This state is characteristic for
geostrophic convection, when rapid rotation blocks
the magnetic dipole inside the Taylor cylinder (see
[21] for more details). The regime is characterized by
predominance of the rotational force over the centrally
symmetrical buoyancy forces, making the direction
along the rotational axis preferred. The situation
changes as the Rossby number is increased, and the
magnetic dipole is no longer able to extend beyond the
Taylor cylinder. In this case, the magnetic ﬁeld undergoes reversals. Note the existence of a strong magnetic ﬁeld with a non-zero mean average (Fig. 6a) in
the case of suﬃciently small positive values of Cω .
The principle diﬀerence between the regions Cω <
0 and Cω > 0 is the multipole level (Fig. 6c). The
dipole dominates for positive Cω , while multipole solutions are generated for negative Cω 2 . This sharp
boundary between the dipole and multipole solutions
2

Strictly speaking, by dominance of the dipole, we mean
not simply the estimate |g10 | > |gl0 |, where l = 2 . . . ∞, but
rather |gl0 | > 0.5(l + 1)|gl0 |, which follows from the deﬁnition of the Mauersberger spectrum.
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is not observed for the distribution (3), where the daily
rotation plays a smaller role.
Estimates of the amplitudes of Cα and Cω for the
ﬂuid core are very uncertain [22]: Cα ∼ 10, Cω ∼
103 ; this leads to estimates of the dynamo number
D ∼ 104 . Since velocity proﬁles without allowance for
geostrophy were considered in [22], leading to large
spatial derivatives of the velocities in small volumes
and diﬀerent spatial locations for the α and ω eﬀects,
which also hinders the ﬁeld generation, we consider
further the slightly higher values Cα = −0.05 and
Cω = 500, which give D ∼ 105 after renormalization
of the α and ω eﬀects to unity. The distribution
of Br for these Cα and Cω values has a prominent
Z proﬁle, providing the name for the well known Z
model of Braginskii [8], when the ﬁeld is concentrated
inside the Taylor cylinder and depends only weakly
on the vertical coordinate. Note that we obtained a
Z conﬁguration of the magnetic ﬁeld with a simpler
form of quenching than in the model of Braginskii,
adopting hydrodynamical parameters corresponding
to geostrophic regimes. The azimuthal magnetic ﬁeld
B is concentrated at the outer boundary of the Taylor
cylinder, where there is a large diﬀerential ﬂow. The
existence of a maximum of |Br | inside the Taylor
cylinder is a fairly unexpected result, since both the α
and the ω eﬀects specifying ∇Vϕ have maxima at the
outer boundary of the Taylor cylinder. This cannot be
explained by the propagation of dynamo waves toward
the poles: the butterﬂy diagram for Br demonstrates
an oscillation regime without a latitude drift. One
possible explanation is that the estimates of the local
source amplitudes in a two-dimensional analysis are
insuﬃciently accurate to draw conclusions about the
positions of the maximum ﬁeld generation. Another
striking result is that the velocity of propagation of
the magnetic waves ω is not sensitive to the boundary
of the Taylor cylinder, although the ﬁeld itself “sees”
this boundary. This is presumably due to the simple
form used for the quenching (2), and requires further
analysis.
5. DISCUSSION
While successful three-dimensional models with
parameters suﬃciently close to the observed values
can reproduce the observations, the use of simpler
models requires a sort of art of simpliﬁcation that
makes it possible to focus on the most important
physical eﬀects determining the behavior of a system.
Our study of models of the αω dynamo considered
above are one example of this. We consciously restricted our formulation of the feedback inﬂuence of
the magnetic ﬁeld on the hydrodynamics using the
simple form of quenching (2), which takes into account only the inﬂuence of the large-scale magnetic

ﬁeld on the small-scale velocity ﬁeld. As is noted
above, this approach is motivated by the fact that
small-scale ﬂuctuations of the velocity ﬁeld possess
less kinetic energy than the large-scale velocity ﬁeld.
It is interesting in this connection that taking into account the inﬂuence of the magnetic ﬁeld on the largescale velocity ﬁeld in the Z model for the planetary
dynamo led to overestimation of the azimuthal velocities. This is a consequence of the axial symmetry
of the problem. Instead of turning to small scales
under the action of the Coriolis force, the radial ﬂows
continued their motion on the scale of the convective
zone. This reduced dissipation and the velocities
grew. In this sense, the use of our model is more
justiﬁed for the planetary dynamo, and the model is
simultaneously simpler mathematically.
In spite of the simple nature of Eqs. (1) and (2),
the absence of direct observations in the magneticﬁeld generation zone requires consideration of a very
broad range of parameters, and the behavior of the
system can be very diﬀerent for diﬀerent conditions.
This makes it necessary to take into account the very
wide set of properties of the solutions: the ﬁeld intensity, dispersion of the variations, and structure of the
spectrum. While the ﬁrst two of these are determining
factors in many studies, the eﬀect of multipolarity of
the magnetic ﬁeld is clearly still inadequately understood.
Another important factor is analysis of the propagation velocities of the magnetic ﬁelds. Such studies
were initiated in geomagnetism by Braginskii [23],
who suggested that traveling waves arise at the surface of a ﬂuid core, observed in archeomagnetology
data. This form of wave is not associated with the
transport of mass. At the same time, the presence
of conditions leading to ﬂux freezing, which are satisﬁed for the large magnetic Reynolds numbers characteristic of many astrophysical objects, including
planetary cores, can facilitate the advection of magnetic ﬁeld with matter ﬂows. Note that the eﬀects
of meridional circulation can change the properties of
the solution. The estimates of the local phase velocity
(4) presented above could be useful in studies of this
question.
In conclusion, we note that the presence of a large
number of unknown parameters in dynamo systems
obviously requires model ﬁtting. As our next step,
we plan to use both variational approaches actively
being developed and aimed at optimizing parameters,
including ﬁnding the spatial distributions of speciﬁed
parameters [24], and Kalman ﬁltration methods (see
[25]), which enable optimization of initial conditions
in evolutionary equations.
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