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Abstract—The properties of wavelet spectra of kinetic and magnetic energies, as well as of helicities, are con
sidered by the example of a threedimensional dynamo model in a rapidly rotating a plane layer and heated
from below. It is shown that the transition from the kinematic mode to the full dynamo mode is accompanied
by a decrease in the magnetic energy of the system. The hydrodynamic helicity changes its sign by height and
has the same sign for all scales. The current and magnetic helicities also have the dipole form of symmetry in
the physical space; however, their sign at small and large scales is different—the socalled effect of separation
in scales. The crosshelicity has no separation in scales, but it can change the sign with time so that its aver
aged value is small.
DOI: 10.1134/S1028335815060038

Magnetic fields are widespread in nature and are
the subject of investigation of the dynamo theory [1].
The essence of the dynamo theory is in the description
of the transformation of thermal and gravity energy
leading to the appearance of hydrodynamic flows of
the conducting liquid. Then the kinetic energy is
transformed into the energy of the magnetic field. The
dynamo equations, which include the equations of
thermal convection and the induction equation for the
magnetic field, have a set of conserving quantities
2

(integrals of motion). Kinetic energy Ek = V
 and
2
hydrodynamic helicity χ = 〈V · rotV〉, where V is the
velocity and 〈···〉 is averaging by volume, are retained in
a threedimensional problem without the magnetic
field in the absence of external forces and dissipation.
2

B
The sum of kinetic and magnetic energy Eм =  ;
2
м
magnetic helicity χ = 〈A · B〉, where А is the vector of
the magnetic field potential, А = rotВ, and cross
helicity χc = 〈V · B〉, which characterizes the degree of
correlation of the velocity field and the magnetic field,
is retained with the appearance of the magnetic field
under the same conditions. The fourth type of helicity,
which is referred to the magnetic field, is called cur
rent helicity χJ = 〈J · B〉, where J = rotВ is the electric
current. The relation occurs between χJ and χм (see
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[2]). By analogy with the magnetic field, where the
magnetic helicity determines locking of the force lines
of the magnetic field [3], we have that χ is responsible
for locking the force lines of the vorticity field ω =
rotV, while χJ is responsible for the force lines of elec
tric current J. Further, by the example of the dynamo
system in an infinite layer of the conducting liquid
heated from below [4], we will consider how the ener
gies and helicities evolve and how their behavior can
be explained allowing for the abovementioned laws of
conservation.
Computations were performed using supercom
puter clusters at nets 1283 for geostrophic convection
and magnetoconvection modes at the numbers of
Ekman E = 2 × 10–5, Prandtl Pr = 1, Rayleigh Ra =
300, and Roberts q = 2 (for more detail on the features
of numerical modeling of geostrophic systems, see
[5]). We used periodic boundary conditions along the
horizontal. A fixed temperature of 0, 1 was specified at
boundaries z = 0, 1. The nonpenetration conditions
and equality to zero of gradients of tangential compo
nents of the velocity field at z = 0, 1 were accepted for
the velocity field. The pseudovacuum boundary con
ditions were used for the magnetic field.
Our solutions for the field of velocity and tempera
ture are a system of cyclonic vortices elongated along
vertical rotation axis z and a small transverse scale of
order lc ~ E1/3 [6]. The difference between the horizon
tal and vertical scales of flows is seen well in Figs. 1a
and 2a, where wavelet spectra in the transverse and
longitudinal directions are presented. The use of wave
lets is associated with the better applicability of the
basis of wavelet functions localized in space for the
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Fig. 1. Evolution in time of normalized transverse spectra of (a) kinetic EK and (b) magnetic EM energies; and (c) hydrodynamic
χ, (d) current χJ, (e) magnetic χM, and (f) cross χC helicities in the lower halfvolume. The magnetic field started to be generated
at time t = 1.2.

description of turbulence than of the traditional Fou
rier analysis, which is more suitable for work with peri
odic signals. We used a complex Morlet wavelet [6]
with the normalization giving equal spectral peaks,
which correspond to equal input periodic signals.
Since the helicities considered below can change sign
at z = 0.5, then all spectra considered below are calcu
lated separately in the lower 0 ≤ z ≤ 0.5 and upper 0.5 ≤
z ≤ 1 halfvolumes.

Switching on the magnetic field at instant t = 1.2
weakly affects the degree of anisotropy and leads to
lowering Eк by 30% (Figs. 1b, 2b). After the rapid
increase in the magnetic field to the level at which the
effect of the magnetic field on the flow starts to act, the
magnetic field ceases to increase. The value of Eм
becomes comparable to the initial value of Eк. The
anisotropy of Eм manifests itself to a lesser degree than
for Eк.
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Fig. 2. Evolution in time of normalized transverse spectra of (a) kinetic EK and (b) magnetic EM energies; and (c) hydrodynamic
χ, (d) current χJ, (e) magnetic χM, and (f) cross χC helicities in the lower halfvolume.

Vortex flows are organized so that the nonzero aver
age hydrodynamic helicity χ, which changes sign at
z = 0.5, occurs; it is positive in the lower part of the
halfvolume and negative in the upper part [7].
Generation of χ due to the Coriolis force can be
followed when writing the evolution equation of χ. For
this purpose, let us use the relationship ∂ V ~ –1z × V,
∂t
and multiply it by ∇ × V. Then we sum the result with
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the rotor of ∂ V ~ 1z × V multiplied by V. This resulted
∂t
in the following:
∂
∂
 χ = – V m ε mji ε i3k V k
∂x j
∂t
∂
∂
– ε i3k V k ε imj  V j =  ( V i V z ),
(1)
∂x m
∂x i
where ε is the Levi–Civita tensor; summation is per
formed over all repeating indices running the values
from one to three.
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Let us consider the integral from (1) over the half
volume v1, z = [0, 0.5]. By virtue of periodicity over
horizontal directions, we have
3
∂
1 2
 χ dr =  V z ( x, y )
∂t
2

∫

z = 0.5
z=0 .

(2)

v1

Averaging (2) by planes z = 0, 0.5, we finally derive
an increase in positive χ in the halfvolume v1:
∂ χdr 3

∂t

∫
v

2
= 1 〈 V z ( z = 0.5 )〉 xy > 0,
2

(3)

xy

where it is taken into account that z = 0 and Vz = 0 at
a solid boundary. The sign of χ for the upper halfvol
ume v2, z = [0.5, 1] will be the opposite. It is notewor
thy that although we found evaluations integral by vol
ume, similar reasons, with a series of limitations, can
also be used for separate k, for which the Rossby num
bers are small. This means that if 〈χ(k)〉 ≠ 0, then its
sign will more likely follow the abovedescribed rule.
The reasons presented are confirmed by calcula
tions. Figures 1c and 2c show the evolution of wavelet
spectra of kinetic helicity χ. For both spectra, the
magnitude of χ with a high degree of accuracy satisfies
the abovedescribed distribution remaining positive in
the lower halfvolume and negative in the upper one
The following type of helicity, current one χJ, dif
fers in principle from the aboveconsidered χ: for the
transverse helicity, the sign changes upon passing from
large scales to small ones (Fig. 1d), while no preferen
tial sign occurs for the longitudinal spectrum and the
pattern varies with time (Fig. 2d). Helicity χJ is anti
symmetric relative to plane z = 0.5.
At first glance, the change of sign of χм is absent in
Figs. 1e and 2e. However, after comparison with the
behavior of χм in the second halfvolume, it turns out
that, in order to attain the antisymmetric pattern rela
tive to plane z = 0.5, it is required to subtract half of its
maximal value from χ. Since χм depends on the vector
of the magnetic field potential, which is determined
accurate to the gradient of an arbitrary function, then
the result depends on the calibration of А (for more
detail see [2]); therefore, such subtraction is quite jus
tified.
We can affirm that the conservation of a similar
integral of quantity χJ also follows from the conserva
tion law of the integral over the volume of the magnetic
helicity, which is an invariant of the set of the dynamo
equations in the absence of dissipation [2]. If we
assume that this requirement is satisfied nontrivially, it
is necessary that χJ of various signs would exist simul
taneously [2]. It turns out that such separation by

scales occurs not only in the physical space (the
change of the sign at z = 0.5) but in the wave space as
well upon the passage from small scale to large scaleo
nes. In other words, relationships 〈A · B〉 = –〈a · b〉 and
〈J · B〉 = –〈j · b〉, where capital and small letters denote
largescale and smallscale components of fields,
respectively, are fulfilled, which is confirmed by our
calculations. Let us note that by virtue of the specifics
of observations we can detect only a part of the spec
trum of the magnetic and current helicities as this
occurs in the case of solar observations, for example,
in [8]. In connection with this fact, predictions on the
change of the sign in the unobservable (in the case of
the solar dynamo) smallscale part of the spectrum
can be very useful.
The last form of helicity is crosshelicity χc = 〈V · B〉,
which describes the correlation of two physical fields
(Figs. 1f, 2f). Helicity χc is symmetric relative to plane
z = 0.5. Fluctuations of χc are caused by the appear
ance of two additional sources proportional to the
magnetic field on the fluctuation of temperature and
the Coriolis force. This fact is worthy of further inves
tigation. No separation by scales of χc is observed with
the change of sign; however, a nonzero correlation is
not observed for all k during the correlation.
The change in sign of crosshelicity can be associ
ated with the change of sign of both V and В. The first
case leads to the appearance of a new state since the
Navier–Stokes equation, which has quadratic terms
over V, is asymmetric relative to the change of sign (the
generation term in the induction equation also
changes its sign). In the second case, by virtue of lin
earity of the induction equation and quadraticity of
the Lorentz force by the magnetic field, the change of
sign of В does not lead to variation in the state of the
system. This can mean that if the inversion of the mag
netic field is hampered for any reason, the sign of
crosshelicity can be retained for a long time and in
nonconservative systems. For the turbulent medium
considered above, where there are no such limitations
to field В, we have the average value for time for χc
close to zero, which most likely corresponds to the
planetary case, where the polarity of the magnetic field
has no isolated direction.
These results can be used for prediction of the
unobservable parts of the spectra of the physical fields
considered and their derivatives in turbulent regions of
astrophysical objects and experimental installations.
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