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INTRODUCTION

Convection in the cores of planets is a source of
energy for the observed planetary magnetic fields.
According to the modern theories, fast rotating cores of
planets maintain geostrophic balance with the pressure
gradient equilibrated by the Coriolis force (Pedlosky,
1987). As it follows from the linear analysis, at the exci�
tation threshold of the convection with fast rotation, the
ratio of the horizontal scale of the flow to the scale along
the rotational axis is lc ~ E1/3 (Busse, 1970), where
Ekman’s number for Earth E ≈ 10–15 is very small. Such
a low ratio of viscous forces to the forces of rotation,
which is determined by E, results in the strong anisot�
ropy of the flows (Hejda and Reshetnyak, 2009).
Although the intensity of the heat sources in the core is
by a few orders of magnitude higher than critical, the
degree of anisotropy is still very high.

In spectral space, rotation leads to the emergence of
local maxima in the spectra of kinetic energy and tem�
perature fluctuations, which correspond to the scale lc.
At the excitation threshold, this spectral maximum is
global. As the intensity of thermal sources further
increases, an additional large�scale component arises,
and the maximum at lc becomes local. Moreover, in the
interval of lc up to L, where L is the scale size of the liq�
uid core, the spectrum becomes filled; however, the
kinetic energy is transferred in the opposite direction
(from lc to L). Recall that in the case of a common
three�dimensional (3D) convection without rotation,
the conventional direct energy cascade from large scales
to small scales is observed. The inverse energy cascade
in geostrophic turbulence was observed in the models
with both the plane geometry (Reshetnyak and Hejda,
2008) and spherical geometry (Reshetnyak and Hejda,
2012). In other words, in addition to the well known
α�effect (Krause and Rädler, 1980), which leads to the

generation of the large�scale planetary (dipole) mag�
netic field due to the turbulent energy, also another syn�
ergetic (purely hydrodynamic) effect is possible, when
the large�scale flows gain energy from turbulence. This
effect is well known in two�dimensional (2D) turbu�
lence (Lesieur, 1990) and is due to the conservation of
entropy.

Generally speaking, the existence of inverse cas�
cades is associated with a fundamental difficulty, which
stems from the necessity to take off the energy supplied
to the large scales, where dissipation is low. In contrast
to the simplest cascade turbulence models (Frick, 2010)
where it was possible to artificially render the energy
takeoff from the large scales by the mechanism of Ray�
leigh friction, in the self�consistent three�dimensional
(3D) models, the energy cascades of both directions can
exist along the rotational z axis and in the perpendicular
plane to z. Moreover, not only the transfer of kinetic
energy but also the thermal energy transfer throughout
the spectrum should be taken into account. The com�
parison between the flows of thermal and kinetic energy
is important also from the standpoint that the rotation
leads to the weakening of the kinetic energy cascade,
and the contribution of the latter could be small com�
pared to the flow of the total energy (thermal and
kinetic).

Since all the quoted papers on the detection of the
inverse cascades of kinetic energy were based on the
Boussinesq approximation, which cannot adequately
allow for the thermal energy, we then analyze the
anelastic model, which takes into account the com�
pressibility of the medium. This model for the liquid
core of the Earth has been first considered in detail in
(Braginsky and Roberts, 1995) and then used for 3D
calculations in (Glatzmaier and Roberts, 1996).
Besides the fact that it allows for compressibility, this
model also differs from the Boussinesq model by the
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presence of negative energy sources in the right�hand
side of the heat transfer equation—the so�called adia�
batic cooling, whose implications for the properties of
the convection will also be analyzed below in the 3D
numerical anelastic convection model.

THE PHYSICAL MODEL

The main idea of the anelastic model is that the
acoustic waves in the convection equations for the
compressible viscous medium are ignored (see (Bragin�
sky and Roberts, 1995; Jones, 2007) for more detail). It
is then assumed that the average density  in a spherical

shell (rICB ≤ r ≤ rСМВ)
1
 only depends on radius r,

which gives the following form of the continuity
equation: ∇ ⋅ ( V) = 0, where V is the velocity field
and (r, θ, ϕ) are spherical coordinates.

The thermal convection in the spherical shell that is
rotating about axis z with angular velocity Ω is described
by the dimensionless Navier�Stokes equation and the
equation for entropy S:

(1)

In Eq. (1), the length is measured in the units of the
radius of liquid core L, so that rСМВ = 1 and the radius
of the solid core rICB is 0.35. The velocity V, total pres�
sure Р, and characteristic diffusion time t are mea�
sured in units of kS/L, ρ(kS/L)2, and L2/kS, respec�
tively. Here, kS is the turbulent diffusion coefficient

for S; Рr =  and E =  are the dimensionless

Prandtl and Ekman numbers; and ν is kinematic vis�
cosity. For the adiabatic state, which is assumed for the
liquid core of the Earth, by analogy to (Glatzmaier
and Roberts, 1996), we use the normalized profiles for
average density  = 1.148 – 0.237r2 and adiabatic tem�

perature , where γ = 1.35 is the Grüneisen
parameter.

The intensity of the heat sources is specified by the

quantity R =  where δТ = TICB – ТСМВ, and δS

1 ICB stands for the boundary between the liquid core and solid
core; CMB stands for the core�mantle boundary.
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is the characteristic amplitude of variations in entropy.
Upon diffusive nondimensionalization, R does not
include scale L, although for the modified Rayleigh

number (Jones, 2000) Ra =  this depen�

dence on ~L exists. This is associated with the fact that
for the coefficient of volumetric thermal expansion

α =  where Cp is specific heat capacity at

constant pressure and g is gravitational acceleration,

we have α ~  which in the case of large jumps in

temperature gives the desired dependence on L in Ra.
Until the further discussion of the relationship
between δT and δS, we assume that these measure�

ment units for  and S are independent.
The last parameter Q is the measure of adiabatic

cooling Q =  where kТ is the coefficient of ther�

mal diffusion. In contrast to (Glatzmaier and Roberts,

1996), the buoyancy force R  in the Navier�

Stokes equation is here only proportional to the fluc�
tuations in entropy S but independent of the fluctua�
tions in pressure (Braginsky and Roberts, 1995; Anu�
friev, Jones, and Soward, 2005).

Since we do not further consider the details associ�
ated with the growth of the solid core, the equation for
the admixture is also not considered, and we may use
the simplified boundary equations for S: SICB = 1,
SCMB = 0 (Jones et al., 2011) and no�slip and no�pene�
tration conditions for V.

Equations (1) are solved using the MPI�code
(Reshetnyak, 2012) tailored for the compressible
medium. This code relies on standard decompositions
in spherical functions and Chebyshev polynomials, as
well as on the decomposition of the solenoidal field

V into its poloidal and toroidal components; after
this, the curl and double curl operators are applied to
the Navier�Stokes equation in order to eliminate pres�
sure.

THE RADIAL PROFILES
AND TIME EVOLUTION

Although the first numerical 3D anelastic geody�
namo model (Glatzmaier and Roberts, 1996) has been
developed as early as one year after the Boussinesq
model (Glatzmaier and Roberts, 1995), this model has
long remained the single example that uses the full ther�
modynamic equations (Braginsky and Roberts, 1995).
One reason was purely technical and associated with the
introduction of the additional equation for pressure,
which has been excluded in the previous models.
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Besides, in the first models, all the equations were
solved simultaneously, which produced a very large
matrix during the solution of the system of linear equa�
tions and, correspondingly, resulted in a high computa�
tional burden. Later, equations were solved in succes�
sive order, and since than, the additional Poisson equa�
tion for Р has no longer increased the volume of
computations noticeably.

Another reason to prefer the Boussinesq model,
which is simpler, was the weak effect of the compress�
ibility of liquid iron on the core of the Earth. Since even
today the accuracy of a number of the quantities,
including the rate of planetary rotation and viscous
effects, still differs by orders of magnitude from the
required geophysical values, ignoring a 20% jump in
density along the thickness of the liquid core was not
considered to be too misleading (Fig. 1a).

The next distinction arising in the anelastic model
is related to the assumption of adiabatic liquid core.
For example, the Boussinesq model uses two types of
boundary conditions: either the temperatures or the
heat flows are specified on the solid boundaries with
the heat sources present in the bulk of the core. These
boundary conditions correspond to the hyperbolic or
parabolic temperature profile in the absence of the
convection. In contrast to this, in the anelastic model,
the shape of the conductive temperature profile was

specified by the adiabat 

The entropy equation in (1) differs from the equa�
tion for temperature in the Boussinesq approximation

by two terms in the right�hand side: f1  where

f1 = , and f2 =  To ensure that

we interpret the solution of nonlinear problem (1) cor�
rectly, we explore how these two terms affect the solu�
tion of a simple spherically symmetric stationary prob�
lem for the equation for S in the absence of convec�
tion:

(2)

with fixed (С, 0) for S(r) on the boundaries rICB and
rСМВ, where С is a positive constant (Figs. 1b–1d).

With С = 1, the deviation of both solutions with
nonzero f1 and f2 from the hyperbolic profile with
f1 = 0 and f2 = 0 are negligibly small. Moreover, the first
term f1 for all the considered С gives a flatter
profile S(r). The second term f2 (adiabatic cooling),
which introduces inhomogeneity in Eq. (2), causes
significant changes in S(r) at higher C and produces
negative values of S (Figs. 1c and 1d). The negative S

give negative buoyancy force ~  directed
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towards the center of the Earth, which suppresses the
convection by generating the state of stable equilibrium
in the outer part of the core. Below it will be shown
that in the presence of convection, even the regime
with С = 1 significantly differs from the Boussinesq
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solution at sufficiently large R. We note that adiabatic
cooling is an analog of the radioactive heat sources,
which were often used previously in the Boussinesq
models, but here these sources are taken with a nega�
tive sign (Fig. 1a). Thus, the volumetric cooling of the
core results in the enhancement of the convection near
the lower boundary of the liquid core and in its sup�
pression near the upper boundary.

In order to estimate δS and Q, we cast the three
terms in the right�hand side of the equation for S in
Eq. (1) in dimensional form:

(3)

Let СР =  840 J kg–1K–1, kS = 2 m2 s–1, and let

kТ = 10–5 m2 s–1 be specified by kТ = С7  С7 =

0.02 kg m3 К–2 s–4 according to (Glatzmaier and Rob�
erts, 1996). If we assume that the second term is larger
than the third term, then δS/ls ~ 10–2 kТ/kSСР, where ls
is the characteristic amplitude of fluctuations in S,
which, with ls = 0.1L gives δS < 4 × 10–4 J kg–1 К–1. With
this estimate for δS, we obtain R = 3 × 104, where Ω =
7 × 10–5 s–1, and Q ≈ 1.

In order to suppress the cyclonic convection on the
lс scales, we used the turbulent viscosity νT = 2.8 ×
104 m2 s–1, which is commensurate with the value
1.45 × 103 m2 s–1 in (Glatzmaier and Roberts, 1996),
where the authors used the hyperviscosity. The turbu�
lent Ekman number in our model was E = 2 × 10–4. The
typical distribution of the emerging cyclones is shown in
Fig. 2. The estimation of the typical velocity gives V ~
100 kS/L = 2 × 10–4 m s–1, which is close to the velocity
of the westward drift Vwd = 6 × 10–5 m s–1.

Prior to passing to the analysis of the last term in
Eq. (3), we estimate the ratio between the convective
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~  and thermal ~  energy fluxes, where

Т =  + Т ', S =  + S ', and Т ' = S '/CP (Anufriev,
Jones, and Soward, 2005); l is the turbulent scale; and
' means the fluctuating component of the field.

Then, for the solution in (Glatzmaier and Roberts,

1996), we have �K/S =  = V2 :  With

 = 5 × 103 К, V = 6 × 10–4 m s–1,  and S ' =
10–4 J kg–1 К–1, we come to �K/S = 7 × 10–7. This esti�

mate, based on the flux (S')2, gives �  =  :

 = V2CP :  ≈ 6.

In our calculations, the estimate, within the order

of magnitude of the ratio, is �K/S = V2  : TS 'δS ≈

2 × 10–7 and �  ≈ 4. The smallness of �K/S was the
reason to disregard the nonlinear term in the Navier�
Stokes equation in the first works on the 3D geody�
namo (Glatzmaier and Roberts, 1995), which allowed
their authors to reduce the time of the computations
without qualitatively changing the final result. How�
ever, in the course of the subsequent calculations
(Christensen and Aubert, 2006; Schrinner et al.,
2010), where hyperviscosity was abandoned, it turned
out that the situation is more complex, and the geo�
strophy of the flows is tightly related to the time behav�
ior of the geomagnetic dipole. It was shown that the
violation of geostrophy with the increase in the Rossby
number leads to the transition from the rare reversals of
the magnetic field dominated by the dipole compo�
nent to the chaotic flips in the polarity of the magnetic
field with a smaller dipole contribution. Our estimate

of �  also testifies in favor of the larger value of the
convective term in the Navier�Stokes equation: the
kinetic energy flux is even higher than the thermal

energy flux (S ')2 (�  > 1), which just leads to the
approach of the nonlinear regime of the arising ther�
mal instability in the equations of thermal convection.
This proves that the nonlinear term in the Navier�
Stokes equations should not be ignored.

In order to assess the contribution of the two last
terms in Eq. (3), we switch them off at the time instant
t = 5.5 (Fig. 3). Even in the case of С = 1, when the vari�
ation in the conductive profile S(r) was insignificant
(Fig. 1b), the kinetic energy ЕK in the convective regime
has changed by a factor of 2. The dependence of the
kinetic energy on the degree of stratification (which is
formally analogous to the action of adiabatic cooling in
anelastic models) is a complex phenomenon depending
on the particular parameters (Shimkanin, Hejda, and
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Fig. 2. The Mollweide projection of the Vr velocity compo�
nent for R = 6500, Е = 2 × 10–4 and Рr = 1 for r = 0.5. The
field ranges from –120 to 167.
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Saxonbergova�Jankovichova, 2010; Shimkanin, Hejda,
and Saxonbergova, 2011). In our case, we observe the
reduction of the convection area and the growth in the
gradients of S, which results in the increase of the fields
of total ЕK (Figs. 3 and 4).

The increase in S2 due to adiabatic cooling in not so
trivial, since the larger the Re the thinner the boundary
layers the stronger the material inside the main volume
is mixed and the smaller the value of S2 in this volume.

Consider the r�profile of ЕK and S (Fig. 5). Remark�
ably, the adiabatic cooling, which boosts the total
kinetic energy in the volume ЕK, shifts the peak in ЕK

towards the lower boundary. This strikingly differs from
the case of the Boussinesq convection with fixed tem�
peratures, where the distribution of ЕK far from the
boundaries does not depend on r. Just as in the case
without convection, the contribution of the second
term to Eq. (3) is small. It is worth noting that the
behavior of S2(r) is close to the profile in Fig. 1d for
much lower values of С. In other words, with this R, the
distributions of Еk and S2 turn out to be more sensitive
to the emergence of adiabatic cooling than at R = 0
without convection. This is rather unexpected result,
which calls for analyzing the interval of R, where it is
observed. A probable explanation is that in the convec�
tion regime considered above, the main variations in
S occur in the boundary layers, which corresponds to
small C in problem (2).

Thus, having considered some features of the
convection with adiabatic cooling in the physical
medium, we pass to analyzing the spectral properties
of the problem.

THE SPECTRA AND THE FLOWS

The cyclonic structure of the geostrophic convec�
tion is clearly expressed in the spectra for kinetic energy
and entropy. The first exciting mode with mc = 3 is bet�
ter pronounced in the spectrum of kinetic energy
(Fig. 6). Since S also includes the spherically symmetric
conductive component, spectrum S contains the axi�
symmetric mode with m = 0. The increase in R results
in the filling of the spectrum at m < mс. Adiabatic cool�
ing slightly affects the spectra of ЕK and S and only
changes the amplitudes of the fields as mentioned
before.

Even in the case of quasi steady�state convection,
energy can be transferred across the spectrum due to the
different locations (in the wave space) of the energy
source and dissipation. In contrast to the Kolmogorov’s
conventional turbulence, where the energy is trans�
ferred from large scales to small scales, in the case of
rotating turbulence we observe the inverse energy cas�
cade (from lс to L) (see (Reshetnyak and Hejda, 2008;
2012; Hejda and Reshetnyak, 2009), where the authors
used the convection models in the Boussinesq approxi�
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mation). Let us now consider how this effect manifests
itself in the anelastic model, which includes adiabatic
cooling. Since the anelastic model is suitable for quan�
titatively comparing the flows of thermal and kinetic
energy, the flows of S will be considered also in the wave
space.

Following (Reshtnyak and Hejda, 2012), we intro�
duce the integral flow of the kinetic energy in the wave
space, which comes to the sphere m ≤ М from the

modes with m > М: ΠК(М) = 
where V< denotes the part of the field V with the fil�
tered harmonics with m > М. Since the integral of a
nonlinear term over the entire volume in the physical
space is zero, then, by Parseval’s theorem, ΠK(M) also
tends to zero at large М.

If ΠК(М) < 0, the energy is transferred from the large
scales to small scales, which corresponds to the direct
energy cascade. Positive ΠК corresponds to the direct
cascade. As follows from Fig. 7a, the modes with m < 3
gain the kinetic energy from the small scales. The adia�
batic cooling, which enhances the convection near the
solid core and renders it close to Kolmogorov’s pattern,
slightly weakens this effect.

ρ V ∇⋅( )V[ ] V<
,⋅–

By analogy to ΠК, we introduce the convective ther�

mal flow ΠS(М) = T∇ ⋅ , where S ' = S – 
is the fluctuating convective part of S, which results
from the subtraction of the conductive component S

from , and Т =  + Т ' with Т ' =  (Anufriev,

Jones, and Soward, 2005). Then,  =

 ⋅  =

where the term ΠS(M) =  has the

similar structure as ΠK(М) and can be analyzed by
the same method. Further, we omit the analysis of the

term , which is associated with the direct cas�

cade of thermal energy from .

In contrast to the flow ΠK, the entropy cascade is
always direct (Fig. 7b), despite the presence of a local
maximum at mс. The latter is associated with the exist�
ence of different integrals of motion in the Navier�
Stokes equation and in the heat transfer equation.
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The numerical estimate over the entire volume

yields �K/S ≈ 2 × 10–6 and �  ≈ 4, which is close to
our previous estimate of �K/S within the order of
magnitude. Such a high value of the inverse convective
flow of kinetic energy, which exceeds the thermal flow,
is an important feature of thermal convection in the
Earth’s core.

DISCUSSION

The geodynamo problem is quite specific, since the
geomagnetic observations with rather rough spatial res�
olution but on quite long time intervals should be corre�
lated to the patterns of the model fields, which are cal�
culated with extremely high spatial resolution but on
short time intervals (dictated by the computational
capabilities). This inconsistency in the spatial resolu�
tion is associated with both the specificity of geomag�

K/S
2

netic observations and the necessity to ensure geo�
strophic balance in the models, which results in
small ~lс.

The transition to the simpler model requires know�
ing the physics of the small�scale processes. An instruc�
tive example illustrating this is the application of the
apparatus of the mean�field theory, which suggests a
straightforward mechanism of energy transfer from tur�
bulence to the large�scale magnetic fields. Above, we
have considered how a similar synergetic effect can also
arise in the absence of the magnetic field in the models
of thermal convection with low Rossby numbers. It
turns out that the amplitude of the inverse cascade of
kinetic energy is even higher than the turbulent cascade
of the thermal energy in the heat transfer equation; i.e.,
it is quite a strong effect. This approach can be applied
in the semiempirical models of turbulent viscosity sim�
ilar to (Buffet, 2003; Matsushima, 2005).

Another important application of the results is the
study of the dynamo regimes, where the magnetic field
is concentrated within the internal regions of the liquid
core. Since the adiabatic cooling leads to the shift of the
peak of kinetic energy towards the solid core, this
mechanism can act in the planetary dynamo.
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